
S T R E S S  WAVES IN A C O M P O S I T E  S E M I I N F I N I T E  R O D  
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We consider  the problem of the propagation of s t r e ss  waves in a rod composed of a viscoelast ic  p o r -  
tion of finite length and a semiinfinite elast ic  par t  when an impulsive load is applied to the end of the rod. 

The heredi ta ry  proper t ies  of the viscoelast ic  par t  of the rod a re  charac te r i zed  by Yu. N. Rabotnov's  
kernel  and the model of a s tandard linear body. 

Methods of the theory  of functions of a complex variable are  used to obtain solutions in the form of a 
sum of s ta t ionary and nonstat ionary parts .  

As the kernels  in the Bol tzmann-Vol ter ra  integral  relat ions in the heredi ta ry  theory  of elast ici ty the 
most  effective functions f rom a theoret ical  and pract ical  standpoint are  the fractional-exponential  func- 
tions due to Yu. N. Rabotnov [1]. The possibi l i ty of using such funetior~s in dynamic problems of the theory  
of l inear v i sco-e las t i c i ty  was demonstra ted in [2]. 

Of par t icu lar  in teres t  is the study of s t r e ss  waves in a rod, the heredi ta ry  behavior of which is de-  
fined by the 97-function. 

Prob lems  concerned with the propagation of s t r e s s  waves in semiinfinite homogeneous rods have been 
the subject of study by many authors [3-6]. 

In this paper  we study the s t r e s s e s  in a rod consist ing of two par ts :  a v iscoelas t ic  par t  whose he-  
red i ta ry  proper t ies  may be descr ibed by Yu. N. Rabotnov's  relaxation kernel  and an elast ic part ;  the s t r e s s  
waves a r i se  through application of a sinusoidal impulsive load to the end of the rod. The solutions are  ob- 
tained in the form of a sum of s ta t ionary and nonstat ionary par ts .  

1. We take the x axis along the rod axis, with x r  [0, l] for the viscoelas t ic  pa r t  of the rod and xr  
[/, oo] for  the elast ic part .  To the end of the rod we apply the sinusoidal impulsive load ~0I-I(t) sinr where 
H (t) is the Heaviside unit function. 

The resul t ing s t r e s s  wave in the viscoelas t ic  medium is  ref lected and re f rac ted  at the boundary x = l 
separat ing the par t s  of the rod. We consider  the behavior of the ref lected and re f rac ted  waves. 

The equation of motion has the form 

E~u, xx = p;u, ,~ g = t, 2) (1.1) 

Here u=u(x ,  t) is  the longitudinal displacement of points of the rod, pj is the density, Ej is the mod-  
ulus of e las t ic i ty  of the corresponding medium, the subscr ipt  j = 1 r e fe r s  to the viscoelas t ic  par t  and j = 2 
to the elast ic  part ;  summation by repeated indices is not used here.  

The conditions at  the junction (x = l) and at the boundary (x = 0) are  

(x,  t ) - ~ c  l(x, t) = a 2 ( x ,  t) ,  u ~ -  u 1 =  u2, x = l (1.2) 
a = - - % H  (t) s i n  r x = 0 

The solutions of Eq. (1.1) for  the displacements  due to the advancing wave U, the wave U 1 ref lected 
in the viscoelas t ic  part ,  and the wave U 2 re f rac ted  into the elast ic pa r t  may be written in Laplace space in 
the form 

U = C exp (-- klx), U s ~ C i exp (_-~. kjx) 
(1.3) 
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Here  C, C1, C 2 a r e  coef f ic ien ts ,  which p lay  the ro l e  of  ampl i tudes ,  and kl, k 2 a r e  wave n u m b e r s .  
plus  and minus  s igns  r e f e r  to the r e l e c t e d  and r e f r a c t e d  waves ,  r e spec t i ve ly .  

In the Lap lace  space ,  f o r  the junct ion and boundary  condi t ions  (1.2), we have 

6 . ) + z ~ ( p ) = ~ . ( p ) ,  u + u ~ = u s ,  ~ = z  
(p) = - % ~  (p~ + ~)-~ ,  x = 0 

The 

(1.4) 

Here  p is the complex  p a r a m e t e r  of the Lap lace  t r a n s f o r m .  

Taking note  of the condi t ions  (1.4), we m a y  r ead i ly  de t e rmine  C, C1, and C 2 f r o m  the e x p r e s s i o n s  
Reca l l i ng  the e x p r e s s i o n  fo r  the s t r e s s  in t e r n s  of  the d i s p l a c e m e n t  

(1.5) 

(1.3). 

z j  (p) = EjU~,  ~ ( /= i, 2) 

and knowing C, C1, and Cz,  we obtain 

o 1 (p) = A ( E l k  1 - -  E~k2) exp [kl (x --  2l)] 
r (p) = - - 2 A E s k 2  exp [ - - k l l  - -  ks (x - -  l)] (1.6) 

A = cr0w [(p2 + r (Exk 1 + Esk2)]_~ 

Here  E 1 and E 2 a r e  moduli of e las t ic i ty  in complex form.  

The wave  numbers  k 1 and k 2 in c o m p l e x  f o r m  m a y  be e x p r e s s e d  in t e r m s  of  the modulus  of  e las t i c i ty  
of the cor responding  media  

k l  2 = Vlp~E1-1, k~ 2 = p~p~E~ -I  (1.7) 

2. Let  the h e r e d i t a r y  p r o p e r t i e s  of the v i scoe las t ic  p a r t  of the rod  be desc r ibed  by Yu. N. Rabotnov 's  
re laxa t ion  kerne l ,  which in Lap lace  space  has  the f o r m  

R ( p )  = [1 + (pv~)~] -1 (0<-r ~<t) (2.1) 

where  T e i s  the re laxa t ion  t ime.  Taking Eq. (2.1) into account ,  the e x p r e s s i o n s  fo r  Ej and kj, in a c c o r d  
with V o l t e r r a ' s  p r inc ip le ,  have  the f o r m  

E1 = E ~ I  [1 - -  v~R (p)],  E~ = Er162 v~ = (E~I  - -  E 0 1 ) / E ~  ( 2 . 2 )  

kx = pC2x [i -- v~/~ (p)] -'/', ks = C7r189 
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H e r e  E ~ ,  E~2 a r e  the  n o n r e l a x e d  m o d u l u s  v a l u e s  and  E01 i s  the  r e l a x e d  m o d u l u s  va lue ;  C~j  = 
( E ~ j / p j ) l / ~  a r e  the  e l a s t i c  wave  s p e e d s  in the  c o r r e s p o n d i n g  m e d i a .  

The o r i g i n a l  func t ions  ~l (x, t) and  e~. (x, t) m a y  be d e t e r m i n e d  f r o m  the  M e l l i n - F o u r i e r  i n v e r s i o n  
formula 

~i (x, t) 2~ ~ ~ = ~ ~ (p) evt dp (i = t, 2) (2.3) 

Subs t i t u t ing  the  e x p r e s s i o n s  (1.6) in to  Eq.  (2.35 and t a k i n g  note  of  the  r e l a t i o n s  (2.1) and  (2.2), we 
obta in  

~(z, t) ~~ I (A '/'F = - ~ -  A i -- 1) exp {~ (x -- 2/) + pt} dp 

),+ice 

t) = ~0 f Ai exp {--  ~l - -  C~�89 (x - -  2l) + pt} dp (x, (2 . 4 )  ~2 
),-ice 

A = (p~ + aD (p~ + a,)-i,  A~ = ~ [(p~ + ~') (t + A'~'F)] -~ 

F = C ~ E ~  ! C ~ I E ~ ,  ~ = C i ]pA  -~/" 

F o r  Y ~ 1 the  i n t e g r a n d  func t ions  in  Eqs .  (2.4) have  a po le  Pk = • iw of the  f i r s t  o r d e r ,  and  b r a n c h  
po in t s  a t  p = 0  and p = - ~  (the p o i n t s  p = ( - a l ) l / 7 ,  p = ( - a 2 ) l / 7  a r e  no t  b r a n c h  p o i n t s  s i n c e  fo r  "/~ 1 t hey  do 
no t  f a l l  on the  f i r s t  s h e e t  of  the  R i e m a n n  s u r f a c e  l a r g  P[ <lr ) .  

We s e l e c t  a c l o s e d  c o n t o u r  of  i n t e g r a t i o n  with  a cu t  a long  the  n e g a t i v e  r e a l  a x i s .  Us ing  the  funda -  
m e n t a l  t h e o r e m  on r e s i d u e s  and  J o r d a n ' s  l e m m a ,  we ob ta in  [7] 

= f + 
0 k 

~ (x, t 5 = - -  [ 2~ ~ eG~ (x, t, s 5 ds] H (t~) + ~ res ~ (p~) ePk t 
k n  O 0 k 

= ~ (s ~ + ~)-~, t t = t + (x - -  2/) C~x~, t~ = t - -  lC=~ - -  (x - -  l) C=�89 

The func t ions  G t and  G 2 a r e  de f ined  a s  fo l lows :  

Gi = Blexp [ - -  (r i + st)] {[i - -  F~B,] sin ~i - -  2FBq~ sin ~ cos ~l} (2.6) 
G~ = B i exp (a~ - -  st) ([t + FR.'I, cos r sin ~ + FR.V, sin r cos ~} 

The q u a n t i t i e s  a p p e a r i n g  in  the  func t ions  G 1 and G z have  the  f o r m  

B i = [1 -~ 2FR:t 'cos c9 + F~R.] -1, cq = h i ( x  - -  215 cos 

R .  = R1R~-I ~ = hil  cos (9 + C~�89 (x - -  l), ~i = hi (x - -  2l 5 sin q~ 

~2 = hil  sin % h t = Ci~s (R1 / Rz) -'/', q~ = (% - -  qD2) / 2 
R,~ = (a~ ~ + 2a~sv cos ~ + s~)'l,, tg ~ = (a~ + s v cos 6) -~ s �9 sin 6 

at = (t - -  v,) t - i ,  a~ = v~ -i,  6 = ny, n = t ,  2 

H e r e  H (t t) and  H (t 2) a r e  H e a v i s i d e  uni t  func t ions .  

P u t t i n g  7 = 1 in to  the  i n t e g r a l s  (2.45, we ob ta in  the  s t r e s s e s  in the  c o m p o s i t e  rod ,  the  d y n a m i c  b e h a v -  
i o r  of whose  v i s c o e l a s t i c  p a r t  i s  d e s c r i b e d  by the m o d e l  of  a s t a n d a r d  l i n e a r  body. In t h i s  c a s e  the  i n t e -  
g r a n d  e x p r e s s i o n s  in Eqs .  (2.4) have  the  f i r s t - o r d e r  p o l e s  Pk = • iw and the  b r anch  p o i n t s  p = - a t ,  P = - a 2 .  
Choos ing  a c l o s e d  c o n t o u r  wi th  a cut  on the  n e g a t i v e  r e a l  a x i s  f r o m  (-a~) to  ( -a2) ,  we obta in  

az 

] ~1r = ~G s (x, t, s) exp ( - -  st) ds H (ti) + ~ res Vl (p~) e "~t (2.7) 
al It 

a~ 
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The funct ions  G 3 and G 4 m a y  be wr i t t en  in the f o r m  

G~ = B2 {(i - -  F~h2) sin ~Pl - -  2Fh2 'h cos ~1}, h~ = (s - -  al) (a2 - -  s) -1 
G4 = B~(h~'hFcos~P2 + sin ~p~), ~Pt = C~lsh~'/'( x - -2/)  (2.85 

~ = C7~1 slh~ 'h, B~ = (t + F2h2) -t 

We r e m a r k  that  the e x p r e s s i o n s  (2.7) cannot  be obtained f r o m  Eqs .  (2.5) by le t t ing Y--  1. 

Each  of  the e x p r e s s i o n s  (2.5) and (2.7) i s  a sum of s t a t i ona ry  and n o n s t a t i o n a r y  p a r t s  of the s t r e s s e s  
for  the r e f l e c t e d  and r e f r a c t e d  waves .  

The n o n s t a t i o n a r y  p a r t s  a r e  connec ted  with r e l axa t iona l  p r o c e s s e s  tak ing  p lace  in the dynamica l  s y s -  
tem.  In the c a s e  of  Yu. N. Rabo tnov ' s  ke rne l ,  the s t r e s s e s  ~1~? fo r  the r e f l e c t e d  and a2~? fo r  the r e f r a c t e d  
waves ,  name ly ,  the second  t e r m s  in the e x p r e s s i o n s  (2.5), can be wr i t t en  in the  f o r m  

~j~ = Assin(o)t ++_Oj-i~ ~) ( i = t l  2) (2.95 

The ampl i tudes  of the c o r r e s p o n d i n g  waves  m a y  be de t e rmined  by the fol lowing re l a t ions :  

A1 = ~/~oqt [ b~ + ( RFs  --  t)]'h exp [~ (x --  2/)], ~ = Ci~oR -'/' sin *---- 2 (2.10) 
A ~ = z o q t e x p ( - - ~ l ) ,  q t = ( l  + BF~ + 2 R ' l ' F c o s ~ )  -~ 

b -- 2R'hF sin ~- 

The quant i t ies  appear ing  in Eqs .  (2.10) have the f o r m  

tg• = b ( R F  ~ -  i) -1, tg• 2- t/~b(l + R'hcos~12) ,  t g ~  = dtd~ -1 
- i  (t) 0 l = ( x - 2 / ) d ,  8 ~ = l d + C ~ 2  ( x - - l ) ,  d = C ~ o ) B  - ' h c o s ~ / 2  

B = (nt ~ -k- n2~) -t (dl ~ "4- d22) 'h, dl = (mr% - -  ntmt) ~, d~ = ntn~. - -  mt ~ 

n ~ = a ~ + o ~ v c o s 6 / 2 ,  m~ = r s i n f / 2 ,  ~=Ci]o~R-V ' s in~12  (k = It 2) 

In the c a s e  of  the s t anda rd  l i nea r  body the n o n s t a t i o n a r y  pa r t s ,  n ame ly ,  the second  t e r m s  of the e x -  
p r e s s i o n s  (2.7) fo r  the r e f l e c t e d  and r e f r a c t e d  waves ,  a s s u m e  the f o r m  

~ = Dj sin (~ot + O~ :~: • q = t ,  2; i=3 ,4 )  (2.11) 

F o r  the ampl i tude  quant i t ies  Dj, we have 

Dt = 1/~oq ~ [(rF ~ --  1) ~ -~ rt~]'l, exp [~t (x --  2/)1 (2.12) 
D.z = %q~ exp (-- ~tl), q~ = (t + rF ~ + 2r'l~F cos % / 2) -~ 

~1 = C=~o~r-'hsinr rt = 2r'hF s ! n % / 2  

The phase  shif ts  (0 i • Xj) in Eqs.  (2.11) m a y  be ca l cu la t ed  f r o m  the f o r m u l a s  

08 = ~ (x - -  2t) ,  O~ = ~ l  + C~o�89 (x - -  l) ~, ~ = C ~ l ( 0 r - % o s  %12 
tg Xi = ~'~ sin %/2, tg ~ = ~a sin %12, ~ = 2r'l,F (rt~ - -  t) -~ 

tg~a  = o~(as--  at)(a~a~ -~ o~)-~; r : [(at ~-1- r ~) (a~ ~ q- w~)-t] q/ 
)~3= r'/, F (1 -4- r'/' F cos %/3) -~ 

By  way of  example ,  we c o n s i d e r e d  the behavior  of  the r e f l e c t ed  wave with l = 1, and the r e f r a c t e d  
wave on the  p a r t  x e [1; 2]. C o r r e s p o n d i n g  va lues  of the t ime  t w e r e  d e t e r m i n e d  by the Heav i s ide  funct ions 
H (tl) and H (t25. Ca lcu la t ions  w e r e  m a d e  on an e l ec t ron ic  digital  compute r .  In these  computa t ions  we used  
the following n u m e r i c a l  va lues  f o r  the in i t ia l  p a r a m e t e r s :  

a ~ =  0.5, a ~ =  t,  l =  t, c o =  t, E ~ =  0.64, E ~ =  1, E 0 ~ = 0 . 3 2  

In Fig.  i we have drawn,  as  a funct ion of  x ~  (Coo ~ ' e ) - I  ( t~162 -~= 2.55, g r aphs  of  the quant i ty  a~~ 
~rta0 -~ f o r  the s t a t i ona ry  (sol id  curves )  and n o n s t a t i o n a r y  (dashed curves )  p a r t s  of  the s t r e s s  a r i s i n g  in the 
v i s c o e l a s t i c  p a r t  of  the rod.  The l abe l s  on the c u r v e s  indicate  va lues  of  the  f r ac t i ona l  p a r a m e t e r  Y, which 
inf luences  the s t r e s s  d is t r ibu t ion  as  a function of  x ~ 

F i g u r e s  2 and 3 i l l u s t r a t e  the behavior  of  the r e f r a c t e d  wave %~ =cr2a0 -1 as  a funct ion of  x ~ (t~ 
The s t a t i ona ry  p a r t  of the r e f r a c t e d  wave (Fig.  2) has  the  s a m e  sign ove r  the length  of  r od  s tudied at the 
t ime  that  the n o n s t a t i o n a r y  p a r t  (Fig. 3) i s  changing i t s  sign.  As the f r ac t iona l  p a r a m e t e r  T d e c r e a s e s ,  the 
s t r e s s e s  i n c r e a s e  m o r e  r ap id ly  in absolu te  value.  
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The behavior of the nonstationary part z2 ~ as a flmction of t o (x 0 = 2) is shown in Fig. 4. The dashed 
line indicates the instant of wave arrival at the point x~ From Fig. 4 it is evident that at the instant of 
wave arrival the stresses are larger for smaller values of the parameter T- 

Thus the stresses arising in the viscoelastic part of the rod reflect the essential influence of the 
fractional parameter 7 on the stress in the elastic part of the rod. 
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